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Abstract

Consider the set SG(Qy) of all graphs whose vertices are labeled with non-identity elements
of the group Qi = Z5 so that there is an edge between vertices with labels a and b if and only
if the vertex labeled a + b is also in the graph. Note that edges always appear in triangles,
since a +b = ¢, b+ ¢ = a and a 4+ ¢ = b are equivalent statements for Q. We define the
random cubic sum graph SG(Q,p) to be the probability space over SG(Qx) whose vertex sets
are determined by Pr[z € V] = p with these events mutually independent. As p increases from
0 to 1, the expected structure of SG(Qx,p) undergoes radical changes. We obtain thresholds
for some graph properties of SG(Qk,p) as k — oo. As with the classical random graph, the
threshold for connectivity coincides with the disappearance of the last isolated vertex.
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1 Introduction

The study of random graphs began with the landmark papers of Erdés-Rényi [10, 11]. They in-
troduced the (uniform) random graph G(n,p), which is the probability space over every graph G
on the vertex set [n] where Pr[{i,j} € G] = p, with these events mutually independent. In recent
years, there has been much interest in alternative random graph models, particularly those inspired
by so-called real world networks such as social networks, the world wide web and wireless networks.
This has lead to the development of random graph models with dependencies between the appear-
ance of edges. Some models achieve a prescribed (exact or expected) degree sequence, such as the
configuration model [17] and the preferential attachment model [4, 7, 8]. Other models reflect an
underlying geometric structure, such as random geometric graphs [18]. In this paper, we study a

random graph structure that obeys an underlying algebraic structure.

Introduced by Frank Harary [14], a sum graph is a graph G with a labeling ¢ : V(G) — Z* such
that (z;,z;) € E(G) if and only if there exists z; € V(G) such that ¢(x;) + £(z;) = ¢(zx). Sum
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graphs have been well studied. A typical result identifies the minimum number of isolated vertices
that must be added to a graph so that the resulting structure has a sum graph labeling [5, 9, 13, 16].
Sum graphs have potential applications for data compression: specifically for compressed storage of
graphs. They can also be used for secure communication of information [19]. See [12] for a summary

of known results on sum graphs.

Many generalizations of sum graphs have also been studied. A graph is a mod sum graph [6] if
the labels are drawn from Z,,. Another generalization to f-graphs [2] replaces the sum z; + x; with
an arbitrary symmetric polynomial f(z;,x;). Consider a further generalization of mod sum graphs.
Let H be any group with identity element e and let H* = H\{e} denote all the non-identity elements
of H. An H-sum graph is a directed graph with a labeling ¢ : V(G) — H* such that (x;,z;) € E(G)
if and only if there exists zy € V(G) such that ¢(z;) + ¢(x;) = ¢(zy) for some k. We exclude e as a
potential label since this vertex would (inconveniently) be adjacent to all other vertices. An H-sum
graph is undirected if and only if H is abelian. We denote the set of all H-sum graphs by SG(H).
Abusing notation slightly, we will identify the elements of H* with the set of potential vertices so
that V(G) C H*. When clarification is needed, we will refer to z € H* as “the element z” and
x € V(G) as “the vertex z.”

We define the random H-sum graph SG(H,p) to be the probability space over the set of H-sum
graphs whose vertex sets V. C H* are determined by Pr[z € V] = p with these events mutually
independent. For convenience, we define n := |H*| = |H| — 1. For G € SG(H) with v(G) = r,
the probability of obtaining G via this process is p"(1 — p)"~". Note that the labeled vertices are

independent but the induced edges are not.

A second model for a random H-sum graph is to specify the desired number of vertices r < |H*|
and then choose a random r-subset of H*. The resulting probability space is denoted by SG(H,r).
These two models are quite compatible. Indeed, the number of vertices in SG(H, p) is governed by
the binomial distribution Bin(n,p). The following Chernoff bounds (cf. [15], p. 26) will be useful
here (and in the sequel). If X € Bin(n,p) and E[X] = pu = np then with ¢(x) = (1+x) log(1+x)—=,
x> -1,

PriX > (14+0)u] < exp(—pg(9)), t>0; (1)
PrlX <(1-d)u] < exp(-pd(=0)), t=0. (2)

Let the acronym whp (with high probability) mean “with probability 1—o(1) asn — c0.” If p =1r/n
and G € SG(H,p) then for any fixed arbitrarily small § > 0 these bounds imply that

1-0)r=01-0nmp < EpW@)]<1+8np=(1+)r (3)
whp provided that r — oo and n — r — oo.

Since these two models are roughly equivalent we will focus on the model SG(H, p), appealing to

the model SG(H,r) when appropriate. As with the classical random graph, we study the threshold



functions for random H-sum graphs. These results should be viewed in the context that H is a
finite group that is part of a sequence of finite groups with |H| growing to infinity. Fixing a graph
theoretic property A, we can determine the threshold for lim|z+|_,o, Pr[SG(H,p) satisfies AJ.

Herein we restrict ourselves to the family of cubic groups Qi = Z5, whose edge dependencies
remain manageable. We define n = n(k) = |Q}| = 2* —1 to be the number of possible vertices in our
graph. For convenience, we adopt the composition notation ab rather than the addition notation
a-+b. Furthermore, we denote the edge joining vertices a and b as (a,b) to avoid confusion with the
vertex labeled ab. Note that the edges of G € SG(Qy, p) always appear in triangles: ab= ¢, bc = a
and ac = b are equivalent statements for a,b, ¢ € Q). We refer to the set {a, b, ab} as an elementary
triangle. Finally for any v € V(G), E[deg(v) | v € V(G)] = 2- E[Bin((n—1)/2,p?)] = (n—1)p* and
the Chernoff bounds guarantee tight concentration around this mean value when p(n) = w(+/1/n).

As an aside, we can view a cubic sum graph as a 3-regular hypergraph by considering the
elementary triangle {a,b,ab} as a hyperedge rather 3 separate edges (since they can only appear
together). In the sum graph corresponding to the full vertex set Qj, we find that every pair a, b of
vertices appears in the unique triple {a,b,ab}. In other words, we have a Steiner system of order
2k — 1.

We characterize the thresholds for the following graph properties. We start with the very early

stages of the random process.

Theorem 1 Let p = c(n)/n?*/? where 0 < ¢(n) = o(logn). Then
0 if ¢(n) — 0,

Pr[SG(Qw,p) contains an elementary triangle] — { e~/ if ¢(n) — c,
1 if ¢(n) — oo,
where ¢ is an arbitrary constant. Moreover, if c(n) — c then the distribution governing the number

of elementary triangles converges to Po(c®/6).

In other words, whp SG(Q,r) contains only isolated vertices until r = n'/3. The next graph

structure to appear is a butterfly which consists of two triangles that share a vertex. The vertex set

of a butterfly has the form {a, b, ab, ¢, ac}. Butterflies appear in SG(Qy,r) when r ~ n2/5.

Theorem 2 Let p = c(n)/n/> where 0 < c(n) = o(logn). Then

0 if ¢(n) — 0,
Pr[SG(Qk,p) contains a butterfly] — { e=</8 ifc(n) — ¢,
1 if ¢(n) — oo,

where ¢ is an arbitrary constant. Moreover, if c(n) — ¢ then the distribution governing the number

of butterflies converges to Po(c®/8).

Moving forward in the random process, we determine the threshold for the disappearance of isolated

vertices.



Theorem 3 Consider SG(Qy,p) for p = \/log"+1°g10g"+0(n) where |c(n)| = o(loglogn). Then

n

1 if ¢(n) — —o0,
Pr[SG(Qk,p) contains an isolated verter] — § e~ “*  if c(n) — ¢,
0 if ¢(n) — oo,

where ¢ is an arbitrary constant. More specifically, if ¢c(n) — ¢ then the distribution governing the

number of isolated vertices converges to Po(e™%/?).

We can view a random cubic sum graph as a dynamic evolution over time. For each element
a € Qj let y, be selected uniformly and independently from [0, 1]. We increase p from 0 to 1 and
include the vertex a when p > y,. The graph evolves as we increase from p = 0 (where the graph
has no vertices) up to p = 1 (where the graph is K,,). For 0 < p < 1, the graph of all included
vertices has distribution SG(Qk,p). Alternatively, we can view this evolution as a random process.
A sum graph process is a sequence G = (Gt)j—, where Gy is a sum graph on ¢ vertices, V(Gy) € Q5
and Gy_1 C Gy for 1 <t < n. Using the uniform distribution on the set of all such processes gives

the random sum graph process 3\@ In this interpretation, Gy € G has distribution SG(Qk, t).

As with the classical random graph, the threshold for the disappearance of the last isolated
vertex coincides with the threshold for connectivity. However, the connectivity of our sum graph
process is more complicated than for the classic model. Indeed, once the classic random graph
process becomes connected, it remains connected. The connectivity of a random sum graph may
oscillate. Consider the following simple example: if our first four included vertices are a,b, ab, c,
Then the graph becomes connected at ¢ = 3 and disconnected again at ¢ = 4. Our next theorem

ensures that once the random sum graph becomes connected, it remains connected whp.

If Q(G) is a graph property, then the hitting time T at which @ appears is 7(Q(G)) = min{t >
0 | Gt has Q} whp where G € SG. This hitting time formulation allows us to simply express the

relationship between minimum degree §(G) and connectivity &(G).

Theorem 4 Consider G = (G)7_y, and let 1 < t; < to. If 5(Gy,) > 0 then 6(Gy,) > 0 whp. If

k(G ) > 0 then k(Gy,) > 0 whp. Finally, 7(6(G) > 0) = 7(k(G) > 0) whp.

Consider the following algebraic interpretation of the connectivity threshold of SG(Qy,p). Sup-
pose that we choose a random subset S C @, of size r. How large must r be to ensure that for any

two elements a,b € S, whp there exists some subset {c1,ca,...,¢;} C S so that a = b+ Z§=1 c?

The answer is given by Theorem 4: we must take r > y/n(logn + loglogn + w(n)).

We compare the threshold of connectivity for the random cubic sum graph with that of the
classical Erdés-Rényi random graph model. The threshold for connectivity for SG(Qy,p) occurs
when p = O(y/logn/n). This graph will have ©(y/nlogn) vertices and ©(y/n(logn)3) edges.

For comparison, the connectivity threshold for the Erdés-Rényi random graph G(n’,p’) occurs at



p’ =logn’/n’. In order to have graphs of similar sizes, we take n’ = \/nlogn, giving a comparable
connectivity threshold of p’ = @(\/m). At this point, the classical random graph also has
©(y/n(logn)?) edges. While the size of the edges sets are similar, the structure of these random
graphs are not. For example, every vertex of the random cubic sum graph has even degree and is

contained in at least one cycle.

Finally we remark that there are many open questions concerning random cubic sum graphs. The
two most natural problems would be to identify the threshold for the emergence of a giant component

and to characterize the diameter for various values of p above the threshold for connectivity.

2 Random Cubic Sum Graphs for Small p

In this section, we prove Theorems 1 and 2. They characterize the thresholds for the appearance
of our earliest nontrivial graph structures: elementary triangles and butterflies. We start with an
intuitive motivation each threshold. For a given p, the expected number of elementary triangles is
%(Z)pg’: an elementary triangle is of the form {a, b, ab}, so choosing a pair of elements determines
the triangle. Each elementary triangle can be chosen in three different ways. This calculation leads

to our threshold function of p = n=%/3. The expected number of butterflies is £n(n — 1)(n — 3)p°.
Indeed, we have n choices for the shared vertex, "Tfl ways to complete the first triangle and then
n—3

752 ways to create the second triangle. We must multiply by an additional % since the order we
choose these triangles does not matter. This gives an intuitive threshold function of p = n=3/% for

the appearance of butterflies.

To prove each theorem, we need both the Janson Inequality and the method of moments. Let
{Bi}ier be a set of random events with all Pr[B;] <e. Set A=3____ Pr[B; A B;] where we sum
over all unordered pairs i, j and M = [],.; Pr[B;]. The Janson Inequality (c.f. Theorem 8.1.1 in
[3]) states that M < Pr[A;e;B;] < M exp (i %)

Now explicitly consider the events {B,, ;}:cr as part of a sequence depending on n — co. Let
Xn,: be the indicator function for the event B, ; and set X,, = > ,_; X, ;. The method of moments
(c.f. Corollary 6.8 in [15]) states that if A > 0 is such that for every k > 1, as n — oo we have
EXnlk = X0 o Prtllng, = -+ = Lni, = 1] — A¥ (where this sum is taken over all distinct

ordered k-tuples i1, ...,4x) then X,, converges to Po(\) in distribution.

Proof of Theorem 1. For G € SG(Qk,p), let A, be the event that the elementary triangle
7 is present. We write 7; ~ 7; if 7; # 7; and the events A, , A, are not independent and set
A= anj Pr[A;, A A;;] where we sum over all unordered pairs 4, j.

We have Pr[A,] = p® = ¢(n)?/n? = o(1) and M = [[, Pr[4,] = (1 — p?)"(»=V/6, Furthermore,
A =L1(0)p3-2(n—3)p? < n®p® = c(n)®/n'/3 = o(1). Indeed, each of the % (%) elementary triangles
is present with probability p3. The dependence A,, ~ A, holds if and only if [A;, N A, | = 1.



We have 3 choices for this common vertex and (n — 3)/2 choices for the additional pair. Since
Pr[A;] = o(1) and A = o(1), the Janson Inequality gives Pr[A,A,;] — M — exp(—c(n)3/6). In
particular, when ¢(n) — 0, there are no triangles whp and when ¢(n) — oo, there are triangles whp.

We analyze the case ¢(n) — c using the method of moments. Let X, denote the indicator function
for the event A, and set X =) _ X, where the sum is taken over all possible elementary triangles.
We show that E[X]; — (c¢*/6)F for all k > 1. We have E[X]; =Y _Pr[X, =1] = (3)p* — 3/6.
For k > 2, let B be the set of all ordered k-tuples (71,72, ...,7%) of elementary triangles. Partition
B into By = {(11,72,...,7) | N 1; =0 for all ¢, j} and B, = B\B;. We have

Z Pr[XTl—..._Xﬁc_1]_]61—[1(;’(7”L—3i)(r;_6¢_1))})3H <C63>k

(Tl,---Tk)eBl =0

When choosing our (i + 1)th isolated triangle, we have already chosen 3i vertices. After choosing
one of the remaining n — 3i vertices, we have n — 6i — 1 choices for our second vertex to ensure that
our triangle is disjoint from the previous i triangles. The order we choose these two vertices does

not matter, and each triangle is chosen in three different ways.

To complete the proof, we show that the contribution from k-tuples in By tends to zero. For

any k-tuple of distinct elementary triangles (11, ...7) with k& > 2, we have

SR = 1|, == = 1] < (C)+ ()= ()3 +5(5)) =0

where the sum is taken over all elementary triangles 7 ¢ {7y,...,7x}. The four terms in the upper
bound correspond to the number of vertices that 7 shares with the previous k triangles. Fixing

71, T2 and using induction gives

Z PriX, ==X, =1=0Pr[X, =X, =1])
T3y..3Tk

where the sum is taken over all possible k — 2 tuples of elementary triangles.

For each (71,...,7x) € Ba, there is at least one pair of these elementary triangles that share a
vertex. Let Bj) C By denote the subset such that |73 N 72| = 1, so that the first pair of triangles in
our k-tuple create a butterfly. We have |By| < k?|Bb| and Pr[X,, = X,, = 1] = p°. This leads to

our bound
Yoo PriXn, ==X, =1 < K> PrX, ==X, =1]
(71,...7k)EB2 (11,...7)EBY
= 0 > PrX,, =X, =1]

T1,T2:|T1NT2|=1

o) =0 (n3p5) =0 '3 =o0.



Proof of Theorem 2. After isolated triangles, the next graph structure to appear is a butterfly
of the form 8 = {a,b,ab,c,ac}. Let Ag be the event that butterfly 5 appears in the graph, so
Pr{As] = p° = c(n)®/n® = o(1) and M = [T, Pr[A] = (1 — p?)nr-D=3)s,

Calculating A is more involved. Events Ag,, Ag, are only dependent when £y N B2 # 0. Let
B1 = {a,b,ab,c,ac} and B2 = {x,y,xy, 2,2z} be butterflies with |5, N Fz| = k where 1 < k < 4,
so that Pr[Ag, A Ag,] = p'°~*. As calculated at the start of this section, we may choose 3; in
n(n —1)(n — 3)/8 < n3/8 distinct ways. Fixing (31, let Ug be the set of all butterflies intersecting
(1 in exactly k vertices, 1 < k < 4.

For 8y € Uy, we have 5 choices for this common vertex u € 51 and (n — 5)/2 ways to complete
the first triangle in (B;. One of these first 3 vertices must the center of T', and we complete the
butterfly in (n — 7)/2 ways. Therefore |U;| < 15(n — 5)(n — 7)/4 < 4n?.

If B2 € Us then there are (g) ways to determine {z,y} = 81 N B2, and we pick an arbitrary third
vertex z in n — 5 ways. There are at most 6 possibly distinct butterflies we can construct from these
vertices, each of which is entirely determined by our choice of center from among {z, y, z, ry, yz,xz},
and so |Usz] < 60(n —5) < 60n.

Next, we claim that if 7" € Us then a € (. Indeed, otherwise we can assume that £; N
B2 = {b,c,ab} without loss of generality. Since a ¢ [, either By = {b,c,bc,ab,ac} or [y =
{b,ac,abe, c,ab}. In either case, |51 N Bz2| = 4, a contradiction. A similar argument shows that if
B2 € Us then either 51 N Ba = {a,b,ab} or 1 N By = {a,c,ac}. In each case, we have three choices
for the center vertex and (n — 5)/2 choices for the final two vertices. So |Us| < 3(n — 5) < 3n.

Finally, we claim that |Us| = 2. Indeed, if 85 € Uy then a ¢ (35 (otherwise this forces 2 = 1),
giving only two possible choices for 8a: {be, b, ¢, ac, ab} and {abe, b, ac, ¢, ab}.

Putting this all together for p = wn /%, we have
RN -k _ "o 3 7 6
A= ;PT[ABM\A,B] 3 §§|Ui|10 < 1—6(4np + 20np® + 3np” + 2p°)
1

— (4c(n)9n72/5 +20c(n)®n =4 + 3¢(n) 'm0 + 20(n)6n*3/5) = O(c(n)'n~Y%) = o(1).

Because Pr[A,] = o(1) and A = o(1), the Janson Inequality gives Pr[AgAs] — M — exp(—c(n)®/8).
In particular, when c¢(n) — 0, there are no butterflies whp and when ¢(n) — oo, there are butterflies
whp.

Our analysis for ¢(n) — c is similar to the previous proof, and we sketch the argument. Let
Xp denote the indicator function for the event Ag and set X = > ; X3 where the sum is taken
over all possible butterflies. We have E[X]; = Y, Pr[X, = 1] = gn(n — 1)(n — 3)p° — ¢°/8. For
k > 2, let B be the set of all ordered k-tuples (81, ..., [Bk) of distinct butterflies. Partition B into



By ={(B1,....8:) | B: N B; =0 for all i, j} and By = B\B;. We have

P e t —o<1>>)k = (S)k

(B1,-.-Br)EB1

As in the previous proof, the contribution from k-tuples in By tends to zero. For any k-tuple of
distinct butterflies (81, ... 0k) with k& > 2, we have Pr[X, =1| X, =--- = X, =1] = O(1). As
before, the two dominant terms correspond to choosing 3 C Uleﬁi and choosing 8N (Uf=1 ﬂi) = (.
The proof from this point forward is analogous to the proof of Theorem 1, using § in place of 7 and
using A = O(c(n)™n=1/°) = o(1). O

3 Threshold for Isolated Vertices

In this section, we prove Theorem 3.

Proof of Theorem 3. Let G € SG(Qy,p) where p = /(logn + loglogn + ¢(n))/n and let X be

the number of isolated vertices in G. Then

E[X] = ZPr[a isolated | a € G] Pr[a € G] = np(1 — p?)(n~1/2

n—1 n—1 n—1K p2k
= ”pexp(( 5 )10g(1—p2)) = npeXp<—2p2> exp (— 5 Z? :
k=2

(logn)?

(logn + loglog n + c(n))> exp (o (n

(n—1)
2n

E[X] = +/n(logn +loglogn + c¢(n)) exp (—

_ \/n(logn —‘riLO?Ol;)iTL—FC(n)) e—c(n)/2(1+0(1)) _ e—c(n)/2(1+0(1)) _}e—c(n)/2.

If ¢(n) = w(n) is a slowly growing function then E[X] — 0, so X = 0 whp.

Next, we consider the case ¢(n) = —w(n) where w(n) is a slowly growing function. We have
E[X] — oo, and we must show that X > 0 whp. Let X, be the indicator function for element a
being an isolated vertex. Fixing elements (and potential vertices) a # b, we determine Pr[X, A X3].
If both a and b are isolated vertices, then vertex ab cannot be present. We analyze the remaining
n — 3 elements by constructing a dependency graph G’ with V(G') = Q;\{a,b,ab} and E(G’) =
{(z,y) |2y = a} U{(z,y)|zy = b}. G’ consists of disjoint 4-cycles. Indeed, E(G’) is naturally
partitioned into two perfect matchings, so G’ is 2-regular. If u,v,z,y € V(G') with uv = zy = a
and ux = b then vy = (vu)vy = u(uv)y = u(zy)y = (uzx)(yy) = ux = b, so these four vertices create

a cycle.

Given that a and b are isolated vertices in G, for each of the 4-cycles of G’ we can have zero

vertices, one vertex or two antipodal vertices present in G. The combined probability of these events

))

(4)



is (1 —p)* +4p(1 — p)3 +2p*>(1 — p)? = 1 — 4p? + 4p> — p*. This gives
n—3)/4
E[X? = ZPr[Xa A Xy = n(n—1)p*(1 —p) (1- 4p® + 4p® —p4)( )/
a,b

where the sum is taken over all ordered pairs of elements a,b. We have

EX2 2,2 1— 2\n
prix >0 > ZET n“p~(1 - p°)
EIX?] n(n—1)p*(1 —p)(1 = 4p? + 4p° — pH)(n=3)/4
(1—p*)" 1-p2 \" - \
e > (1 > exp(— 1.
G g iyt 2\ i) 2 (09 Zenl-m?) —

Therefore Pr[X > 0] with high probability, meaning that there are isolated vertices below the
threshold.

Finally, suppose that ¢(n) — ¢ where ¢ is a constant. We prove that X converges to Po(e_c/ 2)

via the method of moments. In particular, for s > 0 we show that

S
S PrlXu, AXgp A A X, ] = (6*6/2>
a1,a2,...,as
where the sum is taken over all ordered s-tuples of elements. The case s = 1 is shown by equation

(4). For s = 2, we consider the limiting behavior of equation (5):

S PrX. A Xy = np® (1—4p* +0(%)" ! (14 0(1))
a,b

= (n*p? exp(—np® + O(np”))) (14 o(1))
o—c(m) n(logn + loglogn + ¢(n))

(14+0(1)) —e™“.

nlogn
For fixed s > 2, we must create a dependency graph G’(aj,as,...,as) for having isolated vertices
ai,as,...,as. This dependency graph is constructed similarly to the 2 vertex case above. First,

we consider the set B C @ of size 2° — 1 consisting of elements corresponding to all possible
combinations of ay, as, ..., ax. Among the members of B, the s elements a; must be present and the
(;) elements a;a; must be absent. As for the remaining 2°—1—s— (;) elements in A, one acceptable
configuration is the absence of all of them which occurs with probability (1 — p)QS_l_(S+S2)/2 =
1—o0(1) since s is fixed. There are other allowable configurations, but of course the total probability
is at most 1. In summary, the probability that the elements of A do allow for the a; to be isolated
is p*(1 —p)*C=D/2(1 — o(1)).

We consider the remaining n — (2° — 1) = 2% — 2% elements. Generalizing the 2-vertex case, our
dependency graph partitions these elements into disjoint s-hypercubes. Indeed, we first observe that
the graph H with V(H) = BU{e} and E(H) = {(b1,b2) | bibs € B} is the s-hypercube. This graph
is the prototype for the remaining components of G’'(a1,as, ..., as). Indeed, let C be a component
of G'(ay,aq,...,as) and let x € V(C). Then V(C) = {zy | y € BU{e}} and for zvy,2ve € V(C),
we have (zvy,zv2) € E(C) if and only if v1v, € B.



Respecting the dependency graph of C, we can only allow an independent set of vertices of C
to be present in our graph. Let Z¢ denote the event that the vertices in C' that are present in the

graph form an independent set. Then

2°)(2° = (s+ 1))p*(1 — p)* >+ 0(p?)

N =

PrZc] = (1-p)" +2°p(1-p)* '+
1— (257 1s)p® + O(p®)

We now calculate

> Pr[Xa, AXg, Acr A X,

a1,a2,...,05s

_ (n)sps(l o p)s(sfl)/2(1 o 25718]72 + O(p3))(n72s+1)/25(1 _ 0(1))

= (L= 2 sp? + O (1= o(1)) = n'p" exp (~Snp?) (1 +o(1))

; s/2 ;
_ —e(nyy2)* [ n(logn + loglogn 4 ¢(n)) —es2\®
(e ) ( nlogn (1+0o(1)) = (e ) ’

completing the proof by the method of moments. O

4 Threshold for Connectivity

In this section, we prove Theorem 4. As per equation (3), the models SG(Qy,p) and SG(Qx,r)
where r = np are essentially equivalent. We make most of our arguments using the former model,
which is easier to work with. In particular, we can define an analogous random sum graph process
for this model as follows. We assign every element a an i.i.d. weight p, drawn uniformly from [0, 1].
We increase p from 0 to 1, including vertex a when p > p,. We define the resulting random process

as G = (Gp)pefo,1]; Where G, € SG(Qx, p).
In order to prove that the graph becomes connected when the last isolated vertex disappears
(and remains connected thereafter), we prove a series of lemmas. We focus on the range /logn/n <

p < \/(logn +loglogn + ¢)/n. For p = y/logn/n, we show that whp SG(Qy,p) consists of isolated

vertices and a constant number of large components of size at least v/nlogn/100. Next, as p

increases from /logn/n to \/(logn + loglogn + ¢)/n, we show that whp the graph consists of a
small number of isolated vertices along with a single connected component. These isolated vertices
are joined to the connected component at the threshold provided by Theorem 3. Our final lemma

proves that whp no additional isolated vertices are introduced beyond this point.

Observe that
Pr[G, is not connected] = Pr[U?:/?{Gp has a component of size t}]
and therefore

Pr[G, has an isolated vertex] < Pr[G), is not connected]

10



n/2

< Pr[G), has an isolated vertex] + Z Pr[G, has a component of size ]
=3
n/2

< Pr[G, has an isolated vertex] + Z E[number of components of size t].
t=3

Note that we cannot have a component of size 2 as edges appear in triangles. Define p_ = y/logn/n
and py = \/(logn + loglogn + ¢)/n.

Lemma 5 Let ¢ > 0 be a constant. If p_ < p < p4 then whp the only components of G € SG(Qx,p)

with size smaller than ﬁ\/nlogn are isolated vertices.

Proof. We write p = \/g(n)logn/n where 1 < g(n) < 1+ (loglogn + ¢)/logn = 1+ o(1). For
3 <t < n/2 let X; be the number of components of size t. We determine an upper bound for
E[X;]. There are (})/3 potential components of size 3. A component of size 4 is impossible. For
t > 5, an upper bound on the number of possible components of size ¢ is (th). Indeed, if a and b
are in the component, then ab must also be in the component. A vertex ¢ connected to this triangle

requires adding one of ac, ab, abc, so that 2 of the first 5 vertices are determined by the other 3.

Let H be a potential component of size t and let A be the event that all of the vertices in H are
present, so that Pr[A] = p*. Triangles {a,b, ab} that cross from H to G — H are of two forms: either
a,b € V(G—H) and ab € V(H) or a,b € V(H) and ab € V(G — H). Let {B;} be the set of all
events of the former type. We will ignore the second type as they can only decrease the probability

that H is isolated: Pr[H is an isolated component] < Pr[AB; | A] Pr[A] = p' - Pr[AB; | Al.
We bound Pr[AB; | A] for three cases: t = 3, 5 < t < y/n/logn and y/n/logn < t <

l—gx)\/nlog n. We use the following version of Janson’s inequality [3, p. 116, Theorem 8.1.1] for cases
1 and 2. We write ¢ ~ j when i # j and B; and B, are not independent. If A = Zi~j Pr[B; A Bj]

where this sum is over all ordered pairs, and p = Y, Pr[B;] then Pr [\, B;] < exp (—pu+ A/2)].
CaSE 1: t = 3. For H to be an isolated triangle, we have y = 3(n — 3)p? and A = 6(n — 3)p>.
Indeed, for u, we have 3 choices for the vertex in H and (n — 3)/2 distinct choices for a vertex in
G — H (which uniquely determines the second vertex in G — H). As for A, we choose an ordered
pair of vertices from H (one for B; and one for B;) and one vertex from G — H that is in both B;

and B;. Janson’s inequality yields Pr[AB;] < exp(—32(n — 3)p*(1 — 2p)) and therefore
1/n 3
ElX)] < 3 (2)193 exp (—2(n -3)p*(1 - 2p)>

1 1
< énl/Q(g(n) logn)3/? - exp (— (1 -2 g(n)ogn) 1ogn> — 0.

n

CASE 2: 5 <t < ay/n/logn for 0 < a < 1. For ¢ in this range,

1 1
;ﬁ(n*%)p2 < pn < 515(7%75)1)2 (6)

11



(;) (n—2t)p* = <(;> (n—t)— <;)t> pP < iA < (;) (n—t)p® < %ﬂ(n —tpt. (7

For p, we have t choices for the vertex in H and at most (n — t)/2 choices for the vertex in G — H.
In the lower bound, we account for triangles with two vertices in H and one in G — H. As for A /2,
(;) (n —t) is an upper bound on the number pairs of triangles containing distinct vertices in H and
sharing one vertex in G — H. Finally, (;)t is an upper bound on the number of pairs of intersecting
triangles with at least one triangle having two vertices in H (pick 2 vertices in H for one triangle

and another vertex in H for the second triangle). We have
t—2 2 2,3
t t
E[X; < " plexp(—pu+A)2) < pe p? exp —ﬁ(n—%)—i—ip(n—t) .
t—2 t—2 2 2
Substituting p = 1/g(n)logn/n and taking the logarithm yields

t
log(E[X:]) < —2logn+ 5 loglogn + (t —2)log (2562>

+ W <2 + v/ng(n)logn —t logn> . (8)

2n n

We consider the endpoints. Taking ¢t = 5, we find log(E[X;5]) = —2logn + O(loglogn) — —o0, so
that E[X5] — 0 and therefore there are no components of size 5 whp. Now consider t = ay/n/logn

where 0 < a < 1. In this case,

a o n
< _— R 3/2 —
log(E[X /7n/logn]) < ( > + 5 (g(n)) )x/nlogn+0 <,/lognloglogn> — —00,

confirming that whp there are no components of size ay/n/logn.

We now show that when 5 < ¢t < y/n/logn, whp equation (8) tends to —oo. Taking its derivative

with respect to t and solving for any critical points gives the equation

1 t 1 3 1 3/2
5 loglogn = log(t — 2) — tg(n)logn (2 + vng(n) 1ogn) + itQQ(n) (ogn) .

n n
The left hand side is independent of ¢ and the only possible critical point in the given interval is
roughly ¢ ~ /logn + 2. Therefore this critical point is of the form ¢t = 5v/logn where |5 — 1] < €

for arbitrarily small e. Near this critical point, equation (8) becomes

log(E[X g tognl) < —2logn+ O(y/lognloglogn) — —oo.
This guarantees that there are no components of size 5 < t < 1/n/logn.

CASE 3: y/n/logn < t < 1i-y/nlogn. Just as in Case 2, equations (6) and (7) hold. Therefore,
1< 2(n—t)tp? = inp*t(1—o(1)) and A > 2(%) (n—2t)p> > np*t(1—o(1)). For large n, A > p and the
extended form of Janson inequality [3, p. 117, Theorem 8.1.2] holds: Pr [A; B;] < exp (—p?/2A).
Using the complementary bounds in equations (6) and (7), the inequality yields

/i\E < exp (—W) < exp (—;)(n - 2t)p) _

12
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This gives
ElX;] < <?>pt exp (;(n - 2t)p> < (?)t exp (;(n - Qt)p>

and taking the log gives

tog(BIX) <t log (") — Z(n — 20)p = (1), (9)

We consider the endpoints. First, t = /n/logn:

n

1 2e
log(E[XW]) < —TO\/ng(n) logn + O ( loglogn ) — —00

logn
for n sufficiently large. Next, ¢t = t55v/nlogn:

1 log(100e) 1

log(E[X}]) < (—10 + —100 +3 logg(n)> vnlogn+ O(logn) — —oo

for n sufficiently large. To settle all values in between, the derivative f’(¢) of the right hand side of

d 1
0 =108 ("F) + 50 > og(100g(n)) + ;W >0,

That f'(¢) is positive on this interval ensures E[X;] — 0 for all such ¢. O

equation (9) is

Lemma 6 Consider the evolution from G,_ to G, . At the conclusion of this phase, Gy, consists

one a large connected component along with some (perhaps zero) isolated vertices whyp.

Proof. Lemma 5 ensures that when p = p_, the only components of size smaller than v/nlogn/100
are isolated vertices. We now show that as p increases from p_ to py, any components of size at
least v/nlogn/100 must coalesce so that the graph becomes one connected component along with

some isolated vertices.

As shown in equation (3), whp SG(Qk,p) looks like SG(Q,r) where r = np (here we choose

r random vertices). We consider this model for convenience. Let 7 = np_ = /nlogn and

re = npy = \/n(logn +loglogn + ¢). Then whp

loglogn + ¢ 1/2
a=ro—1r1 = +/nlogn 1+ = -1

logn

1 loglogn + ¢

> =v/nl o= R A
- 2 nogn( logn )

_ loglogn +c n
N 2 logn

is the number of vertices that will be added to arrive at the final graph.

Let G € §G(Qk,m1) so that v(G) = r; = v/nlogn. There are at most 100 connected components
of size at least y/nlogn/100. Let Hq, Hs,..., Hs be these large components where 1 < s < 100.

13



For any pair H;, H; there must be at least nlogn/10000 potential edges between them. Label
each of these potential edges by the element v whose addition will add that edge to the graph.
For each element v ¢ V(G), let X, denote the number of potential edges with label v. Then
E[X,] = $(n — 1)p? = Flogn(l — o(1)). We use Chernoff’s inequality (1) to show that whp
every v € Q;\V(G) has at most 2 logn associated labeled edges. Let Y; denote the event that

X; > 3E[X;] = 2(1 — o(1)) logn. Then
Pr[VvY;] < Z Pr[X; > 3E[X;]] < (1 —o(1))nexp(—5(1 — o(1))logn) < n~? — 0.
v, ¢G

It follows that whp there are at least n/15000 distinct labels between any two components. Let Z;;
denote the number of edges induced between distinct components H; and H; via the addition of

the a random vertices to G. We have

= BlZi] > a n 1 S 4 >10g10gn n
Hij = Y= 715000 n— y/nlogn — 15000 — 30000 \/ logn

Once again we combine a union bound along with the Chernoff inequality to show that all these

large components must coalesce into a single component whp. Indeed,

~c
=
=
N
<.

I
=

A

(2%

4,J

1—1log2 n
10000 exp | — 2% loglogn, [ —— | — 0
eXp( 60000 808" 1ogn> -

Finally, we claim that any newly created component must be an isolated vertex. Indeed, by

IN

Lemma 5, all non-isolated vertices must be in components of size at least v/nlogn/100. We have
only added a < v/nlogn/100 vertices, so these vertices cannot be part of a new small component.

Therefore whp we have one large component along with (perhaps) some isolated vertices. ([

Let ¢ = \/(logn + loglogn — logloglogn) /n. By Theorem 3, the graph G, has isolated vertices
whp. We now show that for p > ¢, whp no isolated vertices are added in Gj. In other words, the

set of isolated vertices in (G, decreases monotonically for p > g.
Lemma 7 Whp, every element a € Q}, such that p, > q has degg, (a) > 0.

Proof. We partition [0, 1] into four intervals, each representing a phase in the evolution our

random cubic sum graph. We will show that every vertex added in the latter three stages will

be adjacent to existing vertices. Let go = 0, ¢1 = ¢ = /(logn + loglogn — logloglogn)/n, g» =

v/(logn + 2loglog n — logloglogn)/n, g3 = \/(2logn + 2loglogn — logloglogn)/n and g4 = 1.
Let W; = {a € Q} | pa € [¢i—1,¢]} for 1 < i < 4. Consider the sequence of graphs Gy,, G,,
Gys, and Gy, = K,,. Note that V(Gy,) = Ui_;W;. We claim that for 2 < i < 4, whp every vertex

in W; is adjacent to some pair of vertices that already appear in G4,_, C Gp,. Indeed, for a € Wj,
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let Z, denote the indicator for event that a does not form a triangle with pairs of vertices in G, _,.
We have

Pr [ U (a is an isolated vertex in Gpa)] < Pr [\/aeW2UW3uW4 Za]

Y ElZd+ Y ElZd+ Y ElZd)]

a€Ws a€Ws a€Wy

Using g2 = /¢} + loglogn/n < ¢ + /loglogn/n, we can bound

Z E[Z) < (g2—q)n(l—g)"?

L log log n — log log
nloglogn exp (_ ogn + loglogn — log log ogn)

2

m loglogn loglogn 0
= — U.
6108 nlogn VIogn

Similarly, we have g3 = \/q3 + logn/n < g2 + y/logn/n, so that
> ElZ)

IN

IN

(g3 — q2)n(1 — qg)nm

acWs
< \/nlogn exp (_ logn + 2log log2n —loglog 10gn>
— /nlogn loglogn _ [2loglogn
n (logn)? logn
Finally,
Z E|Z) < n(1—g)"V?
ceWy
( 2logn + 2loglogn — logloglogn>
< nexp|-— :
Vioghgn _ Vloglogn
= -0,
n logn logn
Hence PI"[VaeWQUW3UW4 Zy] — 0. .

Proof of Theorem 4. Equation (3) guarantees the equivalence of the random sum graph processes
G = (G, and G = (Gp)pejo,1)- We prove the theorem for the latter formulation. We consider the
evolution starting from G;. By Theorem 3, there are isolated vertices whp when p = ¢. By Lemma
7, whp no new isolated vertices are introduced beyond this point. Therefore, once the minimum

degree is nonzero, it remains nonzero thereafter whp.

We now turn our attention to the connectivity of the graph. First we consider the evolution from
G to Gp, . By Lemma 6, G}, consists of one large connected component plus some isolated vertices.

Moreover, the proof of Lemma 6 shows that no new small components are created for ¢ < p < p.
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Therefore every vertex v added during this phase is contained in the unique large component of
Gp,. Now consider the random sum graph process starting from G,,. The only obstruction to

connectivity is the existence of isolated vertices that were included for p < g. When these isolated

vertices disappear, the graph becomes connected, so that 7(5(G)) > 0) = 7(k(G) > 0). Once the
graph becomes connected, it remains connected whp since no new isolated vertices are introduced

for p > gq. ]
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